Scattering problems from locally perturbed periodic surfaces have been studied both theoretically and numerically in recent years. In this paper, we will discuss more details of the structure of the Bloch transformed total fields. The idea is inspired by Theorem a in [Kir93], which considered how the total field depends on the incident plane waves, from a smooth enough periodic surface. We will show that when the incident field satisfies some certain conditions, the Bloch transform of the total field depends analytically on the quasi-periodicities in one periodic cell except for a countable number of points, while in the neighborhood of each point, a square-root like singularity exists. We also give some examples to show that the conditions are satisfied by a large number of commonly used incident fields. This result also provides a probability to improve the numerical solution of this kind of problems, which is expected to be discussed in our future papers.
Introduction
The problems that quasi-periodic incident fields scattered by periodic surfaces have been well studied in the past few years. A classical way to handle this kind of problems, which are defined in unbounded domains, is to reduce the problems into one periodic cell, see [Kir93, Bao94, BDC95, BD00] . However, when the incident field is no longer (quasi-) periodic, or the surface is no longer periodic, the scattered field is no longer (quasi-)periodic, the classical way fails to work, so new methods are required for these more difficult problems. Another way is to treat this kind of problems as incident fields scattered by rough surfaces, see [CWZ98b, CWZ98a, CWRZ99, CWZ99] . In recent years, the Floquet-Bloch based method was applied to analyze the well-posedness of this kind of problems, see [Coa12, HN16, Lec17] . The Bloch transform build up a "bridge" between the non-periodic scattering problem and a family of quasi-periodic scattering problems, which also provided a computational method for numerical solutions. In these papers, the properties of the Bloch transformed total fields are important both theoretically and numerically, thus we will discuss some more properties in this paper. This Floquet-Bloch based method was studied theoretically in [LN15] and [Lec17] , for non-periodic incident fields, e.g. Herglotz wave functions or Green's functions, scattered by (locally perturbed) periodic surfaces. Based on the theoretical results, a numerical method was established to solve the scattering problems with a non-periodic incident field with a periodic surface, for cases in 2D space, see [LZ17a] and for 3D space, see [LZ16] . Later on, the numerical method was extended for scattering problems with a locally perturbed surface in 2D space in [LZ17b] . The method was also applied to locally perturbed periodic waveguide problems in [HN16] .
In the numerical solution of the scattering problems with (locally perturbed) periodic surfaces, for a chosen discrete space, the convergence rate depends on the regularity of the Bloch transformed total field. To improve the numerical method, a more detailed study of the regularity is required. In the paper [Kir93] , Kirsch has studied how the total fields depend on the incident angle and wave number of incident plane waves, from smooth enough periodic surfaces. The method adopted in this paper is the perturbation theory. Inspired by this idea, we may extend the result to the dependence of the quasiperiodicity of the Bloch transformed total field, when the incident field and its Bloch transform satisfy some certain conditions, and the surface is locally perturbed. In future, it is hopefully that the result could be helpful to improve the numerical method to solve such kind of scattering problems, or might be extended to solve problems in higher dimensional spaces.
The rest of the paper is organized as follows. In Section 2, the known results of the locally perturbed periodic problems will be shown. In Section 3, we will study extend the result in [Kir93] to the non-perturbed cases, and finally, the result will be extended to the locally perturbed case in Section 4. For a more general case, we will show some results in Section 5. The definition and some properties of the Bloch transform will be shown in the Appendix. 
Locally perturbed periodic problems
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Notations and domains
Let ζ be a Lipschitz continuous periodic function with period Λ, and the periodic surface is defined by Γ := {(x 1 , ζ(x 1 )) : x 1 ∈ R} .
Let Λ * = 2π/Λ, define the periodic cells by
Let ζ p be a Lipschitz local perturbation of ζ such that supp(ζ p − ζ) is a compact domain in R. For simplicity, assume that supp(ζ p − ζ) ⊂ W Λ , then define the locally perturbed surface by
We can define the space above the surfaces by
For simplicity, in this paper, we assume that Γ and Γ p are all above the straight line {x 2 = 0}, and H be a positive number such that H > max{ ζ ∞ , ζ p ∞ }. Define the line Γ H = R × {H} and the spaces with between the surfaces Γ or Γ p and Γ H
We can also define the curves and domains in one periodic cell:
Introduction to scattering problems
Given an incident field u i that satisfies
then it is scattered by the surface Γ p , so there is a scattered field u s such that it satisfies the Helmholtz equation
and the Dirichlet boundary condition
Remark 1. In this paper, we only take the sound-soft surface as an example. In fact, the results could be extended to problems with some other different settings, for example, the impedance boundary conditions, or inhomogeneous mediums. 
where T + is the Dirichlet-to-Neumann map defined by
whereφ is the Fourier transform of the function ϕ. It has been prove in [CE10] that the operator T + is bounded from H 1/2
(Γ H ) for any |r| < 1. Define the total field u = u i + u s , then it satisfies the following equations
We can formulate the variational problem, i.e., for any
) with a compact support, satisfies the variational equation
In the rest of this paper, we will always use the tilde to indicate the space of functions that satisfies homogeneous Dirichlet boundary conditions.
In [CE10] , the uniquely solubility of the variational form (10) was proved.
Theorem 3. For any |r| < 1, given any
Bloch transformed fields
As the Bloch transform only works on periodic domains, we have to transform the variational problem (10) defined in a locally perturbed periodic domain Ω p H into the one defined in a periodic domain. Following [Lec17, LZ17b] , define a diffeomorphism Φ p such that maps the periodic domain Ω H 0 to Ω
The operator Φ p − I 2 (where I 2 is the identity operator in R 2 ) has a support which is a subset of Ω
(Ω H ) with compact support, where
From the definition of Φ p , the supports of A p − I and c p − 1 are both subsets of Ω Λ H . Suppose r ≥ 0, let w = J Ω u T , from the mapping property of the Bloch transform and
, and satisfies the following variational problem for any
where
where the α-quasi-periodic DtN map T + α is defined by
At the end of this subsection, we will list some of the useful results in [LZ17b] . The first one is the equivalence between the original problem (10) and the one with Bloch transform (12).
Then the variational problem is uniquely solvable for a Liptschiz interface Γ p .
There is an equivalent form of (12) if the
Theorem 6. If ζ p is Lipschitz continuous and
3 Scattering from non-perturbed periodic surfaces
In Section 2, we have shown some known results for the solvability of the scattering problems from locally perturbed periodic surfaces. The regularity of the Bloch transform of the total field w(α, ·) depends on the decaying rate of the incident field. In this section, we will turn to a further study of the structure of the Bloch transformed field, for nonperturbed periodic surfaces. Based on the results in this section, the discussion for perturbed surfaces will be carried out in the next section. The paper [Kir93] provided a very good inspiration for the problem in this section. Firstly, we will define some sets and functions spaces. Define the set of all singularities with a fixed wave number k and a period Λ by S := {α ∈ R : ∃ n ∈ Z, s.t., |Λ * n − α| = k}, which is, definitely, a countable set located periodically on the real line. Let I ⊂ R be an interval (the case that I = R is included), W ⊂ R 2 be a bounded periodic cell of a periodic domain, and define the space of functions defined in the domain I × Ω Λ H that depends analytically on the first variable
where S(W ) is a Sobolev space defined on W . In this paper,
Define the set of functions defined in the domain I × W that depends C n -continuously on the first variable
is uniformly bounded for α ∈ I , thus we can define the space C ∞ (I; S(W )) in the same way
is uniformly bounded for α ∈ I ,
With the definitions of the new spaces and sets, Theorem a in [Kir93] could be rewritten in the following form with a fixed wave number k.
Theorem 7 ( [Kir93], Theorem a). Suppose the incident field u
i (α, x) is the plain wave, i.e., u i (α, x) := e iαx 1 −i √ k 2 −α 2 x 2 , and it is scattered by a smooth enough sound soft surface.
The total field, denoted by u(α, x), belongs to the space
For any interval I ⊂ (−k, k) \ S, the total field u belongs to C ω I; H 1 (Ω Λ H ) . Moreover, for any α 0 ∈ S ∩ (−k, k), i.e., there is an n 0 ∈ Z such that |Λ * n 0 − α| = k, there is a neighborhood U of α 0 and quasi-periodic functions v, w ∈ C ω U ∩ (−k, k); H 1 (Ω Λ H ) such that u = v + β n 0 (α)w, where β n 0 = k 2 − |Λ * n 0 − α| 2 with non negative real and imaginary parts.
Proof. We will just show the main idea of the proof in [Kir93] . The proof is based on the variational form of the function v(α, x) := e −iαx 1 u(α, x), i.e., for any 
Each term in the variational form depends analytically on α ∈ (−k, k) except for the term
ϕ ds . The operator T + α depends analytically on α ∈ (−k, k) \ S, thus the solution v(α, ·) depends analytically in α ∈ (−k, k) \ S. For each α 0 ∈ S, there is a neighbourhood of U such that T + α could be split into one operator depends analytically on α ∈ U and the one with a k 2 − |Λ * n 0 − α| 2 -singularity. Thus the singularity of v(α, ·) with respect to α ∈ U could be deduced from the Neumann series.
Remark 8. For any α 0 ∈ S, there is either 1) an n 0 ∈ Z such that |Λ
where the second term, which is independent of n 0 , is analytic for α in a small enough neighborhood of
, where the first term, which is independent in n 0 , is analytic for α in a small enough neighborhood of α 0 as well. Then for α in a small neighborhood U of α 0 , the total field u in Theorem 7 has the form of
where v, w are both functions in
. Similar conclusion could be obtained for the second case. Thus we get a simpler form (15) of the representation of the regularity form near the singularity α 0 ∈ S.
The result in Theorem 7 can be extended to a wider family of incident fields with the form ϕ(α, x) = e iαx 1 −i √ k 2 −α 2 x 2 for α ∈ R, where both the plane waves and the evanescent waves are included. 
Proof. It is easy to extend the result of Theorem 7 to the case that α ∈ (−∞, −k) ∪ (k, +∞). The only case that may make problem is when α in the neighbourhood of ±k, for the plain wave is no longer analytic in (−k − δ, −k + δ) or (k − δ, k + δ), where δ > 0 is a small enough positive number. Let α ∈ (k − δ, k + δ), and δ is small enough such that S ∩ (k − δ, k + δ) = {k} then the incident wave
As e −iαx 1 ϕ(α, x) = e −i √ k 2 −α 2 x 2 has the form
Define the functions
where sinc is a function defined in C by
As cosh and sinc have Taylor's series at z = 0
(2n + 1)! , thus they are both analytic functions in α in a small neighbourhood of k. Then the incident field is written into the form of
From the proof of Theorem 7 in [Kir93] , the total field with the incident field ϕ j ∈ C ω ((k − δ, k + δ); H 1 (Ω Λ H )), j = 1, 2, u j has the decomposition that
) are all analytic functions in α. Then the total field u satisfies
The terms v 1 + (α − k)w 2 and w 1 + v 2 are both in the space
the case that α 0 = k is proved. The case that α 0 = −k could be proved similarly. The proof is finished.
In the rest of this section, we will consider the scattering problems with non-perturbed periodic surfaces. Let u ∈ H 1 r (Ω H ) be the total field with the incident
As w is Λ * -periodic in α, we only consider the regularity in one periodic cell W Λ * . For any α 0 ∈ S, α 0 + Λ * ∈ S, thus S distributes periodically in R. Let α 1 ∈ S be a fixed number, there are finite number of elements of S that lies in [α 1 , α 1 + Λ * ]. Let S be the number, then α 1 < α 2 < · · · < α S = α 1 + Λ * where [α 1 , α S ] ∩ S = {α 1 , . . . , α S }.
We will define the space of the functions defined in I × W that satisfy the property of u(α, ·) in Corollary 9 as follows.
A ω (I; S(W ); S) := u ∈ C 0 (I; S(W )) : for any subinterval I 0 ⊂ I \ S, u ∈ C ω (I 0 ; S(W )); ∀α j ∈ I ∩ S, there is a neighbourhood U of α j and a pair v, w ∈ C ω (U ∩ I, S(W )) such that u = v + α − α j w .
Assumption 10. We assume that the incident field
. Assumption 10 is satisfied by a large number of incident waves. In fact, the Green's functions in a half-space satisfies Assumption 10. We will take this for example. In the following examples, we set Λ = 2π thus Λ * = 1. The half-space Green's function has the form of
where y = (y 1 , y 2 ) T lies above Γ H . Bloch transform of the Green's function has the representation of
As the number of elements in S N is finite, suppose the number to be M, then for each j = 1, . . . , M, define
As sinc and cos has the Taylor's expansions that 
Proof. When r > 1/2, from Theorem 6, the variational form is equivalent to the decoupled system
Then the periodic function v(α, x) := e iαx 1 w(α, x) satisfies the variational form for any
Thus the conclusion could be obtained from the same argument of the proof of Corollary 9.
With the regularity results for non-perturbed periodic surfaces, we will discuss the locally perturbed cases in the next section.
Scattering from locally perturbed periodic surfaces
In this section, we still hold the assumption that r > 1/2, then from Theorem 6, the variational form is equivalent to
, then v is the solution of the following system
where the sesquilinear form b α is defined by
which depends analytically on α, thus the system (16) has a right hand side that depends analytically on α. So from similar arguments in Theorem 12. A direct corollary of Theorem 13 is described as follows. 
5 Further regularity results of scattering problems
In this section, we will consider a more generalized class of incident fields. In the following part, we only want to show the regularity results without proving them, for the proofs are quite similar. Although the Green's function u i (x, y) satisfies Assumption 10, there is a large class of incident fields that does not satisfy this assumption. We will firstly study the regularity property of the Bloch transform of the Herglotz wave function. Some of the results are from [Lec17] . Define the weighted Hilbert space L 
